The notion of nearly abelian rational semigroup was introduced by Hinkannen and Martin [10] . In this paper, we have introduced the notion of nearly abelian transcendental semigroup. We have extended the results of nearly abelian rational semigroups to the best possible class of nearly abelian transcendental semigroups. We have given a class of functions which nearly permute with a given transcendental entire function. In addition, a relation between the postsingular set of composition of two entire functions with that of individual functions is obtained.
introduction
A natural generalization of the dynamics associated to the iteration of a complex function is the dynamics of composite of two or more such functions and this leads to the realm of semigroups of transcendental entire functions. Hinkkanen and Martin [10] did the seminal work in this direction. Their work was related to semigroups of rational functions. They extended the dynamics associated to the iteration of a rational function of one complex variable to the more general setting of an arbitrary semigroup of rational functions. Many of the results have been extended to semigroups of transcendental entire functions, see [12, 13, 14, 15, 17, 21] . We recall some known facts of transcendental semigroup theory [13] .
A transcendental semigroup G is a semigroup generated by a family of transcendental entire functions f 1 , f 2 , . . . with semigroup operation being functional composition. Moreover, G generated by finitely many functions is said to be finitely generated. The Fatou set F (G) of a transcendental semigroup G, is the largest open subset of C on which the family of functions in G is normal and the Julia set J(G) of G is the complement of F (G), that is, In [17, Theorem 2.1] , it was shown that for a transcendental semigroup G, F (G) is forward invariant and J(G) is backward invariant.
In their paper, on the dynamics of rational semigroups I [10] , Hinkannen and Martin introduced the notion of nearly abelian rational semigroups. They established several properties of nearly abelian rational semigroups for instance, the existence of no wandering domains for Fatou set of a nearly abelian rational semigroup. Motivated from their work, we now introduce nearly abelian transcendental semigroups. This paper is divided into three sections. First section is introduction where we have given outline of the paper. In the second section, we have extended the results of nearly abelian rational semigroups to the best possible class of nearly abelian transcendental semigroups. Moreover, we have extended some of the results of [13, 14, 15] to nearly abelian transcendental semigroups.
In the final section, we have given a class of functions which nearly permute (definition of nearly permutable entire functions to be given in Section 3) with a given transcendental entire function using Wiman-Valiron theory. In addition, we provide a class of nearly abelian transcendental semigroup and obtain a relation between the postsingular set of composition of two entire functions with the postsingular set of individual functions.
nearly abelian transcendental semigroup
We now introduce the notion of nearly abelian transcendental semigroup.
. . be a transcendental semigroup . G is said to be a nearly abelian semigroup, if there exist a precompact family of affine maps (say) Φ = {φ α }, α ∈ Λ(index set) that satisfies the following properties:
Associated with a nearly abelian semigroup is the commutator set: Definition 3. Let G be a nearly abelian semigroup . The commutator set of G is defined as:
Given a transcendental entire function f, for n ∈ N let f n denote the n-th iterate of f. In the following theorem, we establish a relation between Fatou set of a nearly abelian semigroup with Fatou set of each element in the semigroup.
. . , f n be a finitely generated nearly abelian transcendental semigroup such that ∞ is not a limit function of any subsequence in G in a component of
Proof. Let f ∈ G be fixed and g ∈ G be arbitrary. We shall show that F (f ) = F (g) which will prove the theorem. We first establish that g(F (f )) ⊂ F (f ). To this end, let z 0 ∈ F (f ) and U be a neighborhood of z 0 such that U ⊂ F (f ). Also, g(U) is a neighborhood of g(z 0 ). As G is nearly abelian semigroup therefore, for each n ≥ 1 there exists φ n such
is a compact family of affine maps therefore, there exists a subsequence say {n j } such that φ n j → φ as j → ∞. On combining we get,
Therefore, the family {f n • g} is normal on U. Hence, g(F (f )) ⊂ F (f ). As a consequence of Montel's theorem, we have F (f ) ⊂ F (g). On similar lines, we obtain that F (g) ⊂ F (f ).
Hence F (G) = F (g) for every g ∈ G.
Recall that Sing(f −1 ) denotes the set of critical values and asymptotic values of transcendental entire function f and their finite limit points. We now show that under some conditions on the singularities of the generators of a finitely generated nearly abelian semigroup, Julia set of the semigroup equals Julia set of its generators. Proof. Firstly, we observe that g −1 (I(f )) ⊂ I(f ). For this, let a ∈ g −1 (I(f )) which implies that g(a) ∈ I(f ), i.e. f n (g(a)) → ∞ as n → ∞. As G is nearly abelian semigroup, for each n ∈ N, there exists an affine map φ n ∈ Φ(G) such that f n (g(a)) = φ n (g(f n (a) → φ(g(f n (a) as n → ∞. Hence, f n (a) → ∞ as n → ∞ which implies that a ∈ I(f ). Now, assume that a ∈ I(f ) be such that a is not a Fatou exceptional value of f . From above observation, we have g −n (I(f )) ⊂ I(f ) for every n ≥ 1 which implies that ∪ ∞ n=1 g −n (f ) ⊂ I(f ). Using the hypothesis, we have J(f ) = I(f ) [7] and J(g) ⊂ ∪ ∞ n=1 g −n (a), where a is not a Fatou exceptional value of g. Therefore, J(g) ⊂ ∪ ∞ Proof. It is enough to show that for a stable basin U of F (G), G U = G (see [13] for more details on classification of perodic components of F (G) of a transcendental semigroup G).
We have, G U ⊂ G. For the backward implication, suppose there exists a g ∈ G such that
As G is a nearly abelian transcendental semigroup, so we have F (g) = F (h) for all g, h ∈ G and h(U) ⊂ U. Also, g, h ∈ S, so behavior of components of F (g) and F (h) are alike [18] , which is a contradiction to our supposition and hence proves the result.
It is well known that functions in Speiser class do not have wandering domains, [7, 8] .
As an immediate consequence of Theorem 6, we have absence of wandering domains for a nearly abelian transcendental semigroup of Speiser class. Proof. Suppose that F (G) has two completely invariant components, say U 1 and U 2 . Because F (G) = F (f ) for every f ∈ G and also behavior of components are alike, we have U 1 and U 2 are completely invariant components of F (f ) for every f ∈ G, which is a contradiction and hence proves the result.
The second author [13] established that for a finitely generated abelian transcendental semigroup, if all stable domains of Fatou set of the generators are bounded then Fatou set of the semigroup does not contain any asymptotic values. We have similar result for a nearly abelian semigroup.
. . , f n be a finitely generated nearly abelian transcendental
. Now, the above proved fact implies that all stable domains of F (g), g ∈ G are bounded. Suppose z 0 ∈ F (G) is an asymptotic value, then z 0 is an asymptotic value of F (g), for some g ∈ G. But this is a contradiction to the fact that if g is a transcendental entire function whose all stable domains are bounded, then F (g) does not contain any asymptotic values [11] .
The next result gives a class of finitely generated nearly abelian semigroup for which we have equality of Fatou set of the generators.
Proof. It is sufficient to show that g(F (f )) ⊂ F (f ). Suppose z 0 ∈ F (f ). We need to prove that g(z 0 ) ∈ F (f ). As z 0 ∈ F (f ), so there exists a suitable neighborhood U(say) of z 0 such that U ⊂ F (f ). If {f n } converges to a holomorphic function say η on U, then {f n } is normal on g(U) and hence g(U) ⊂ F (f ) and we are done in this case. Now, suppose that f n → ∞ as n → ∞ on U. Then for any A > 0 A > 1+|b| |a| there exists n 0 ∈ N such that |f n (z)| > A, for all n ≥ n 0 and z ∈ U. For n > n 0 , we have
Then, by Montel's normality criterion, {f n } is normal on g(U). Therefore, g(F (f )) ⊂ F (f ). Combining both the cases, we obtain F (f ) = F (g). Now, we prove that |a| = 1.
Therefore, we have h(ay) = ah(y). Considering Taylor series of h, namely, h(z) = k=∞ k=0 r k z k , we obtain h(ay) = k=∞ k=0 r k a k y k and ah(y) = k=∞ k=0 ar k y k . On comparing coefficients of like terms, we get a(a k−1 − 1) = 0 which implies that |a| = 1.
Bergweiler and Wang [6] proved that for two entire functions f and g, Sing
). We now establish a similar relation in the nearly abelian situation.
Proposition 11. Let f and g be transcendental entire functions such that f
Then Sing((f • g) −1 ) = φ(Sing((g • f ) −1 )).
Proof. We have
Sing
which implies the forward implication. For the backward implication, observe that
Combining the two implications, we obtain the desired result.
The notion of conjugate transcendental semigroup was defined in [13] . We extend this notion to conjugate nearly abelian transcendental semigroup.
Definition 12. Let G = g 1 , g 2 , . . . , g n be a finitely generated transcendental semigroup.
It can be easily seen that η(F (G)) = F (G ′ ). To see this, we have F (G) = F (g i ),
In [10] , it was shown that for a nearly abelian rational semigroup, there exists a Mobius transformation satisfying some relation under composition with elements of the semigroup. Proof. As φ ∈ Φ(G), therefore there exists g 1 , g 2 ∈ G such that g 1 • g 2 = φ • g 2 • g 1 .
Then, we have f
Since f, g 1 and g 2 are transcendental entire functions, so f, g 1 and g 2 can leave at most one value. Hence, we have f
Remark 14. Hinkannen and Martin [10] proved that for a nearly abelian rational semigroup G, and φ ∈ Φ(G), it is not always possible to find an η such that φ • f = f • η. We now show by an example, the same result might also not hold when G is a nearly abelian transcendental semigroup. Beardon [4] established that if f and g are polynomials satisfying J(f ) = J(g), then there is a linear mapping φ(z) = az + b satisfying f • g = φ • g • f and |a| = 1. The following example shows this result need not to be true in the case of transcendental entire functions.
Example 16. Let f (z) = e λz and g(z) = e λz + 1 λ . One can choose λ such that F (f ) = F (g). It can be easily verified that for
We now give an example of nearly abelian transcendental semigroup. λ , for some k ∈ N. We now show that G is nearly abelian semigroup. To this end, consider Φ(G) = {φ, Id}, where φ(z) = z − 2πι λ . It can be easily seen that F (f ) = F (g) and hence, η(F (G)) = F (G) for every η ∈ Φ(G). Next, let h 1 , h 2 ∈ G.
Then as discussed above, h 1 = f m and h 2 = f k + 2πι λ for some m, k ∈ N. Thus we obtain
. This establishes that G is nearly abelian semigroup.
special class of entire functions
In this section, we provide a class of entire functions which nearly permute with a given transcendental entire function using Wiman-Valiron theory. In addition, we give a class of nearly abelian transcendental semigroup and obtain a relation between the postsingular set of composition of two entire functions with the postsingular set of individual functions.
The results in this section are motivated from the paper [19] . In fact, the proofs given here goes verbatim as in [19] with few minor changes. For sake of completeness of the paper, we reproduce here the proofs. We now give the definition of nearly commuting (or nearly permutable) entire functions. 
To prove our results, we have used the notion of value distribution theory of meromorphic functions, also known as Nevanlinna Theory [20] . For an entire function f , the order and lower order of f are defined respectively, in the following manner: T (r j , g (1) ) ≤ (1 + o(1))T (r j , g).
If F i (z) and h i (z)(i = 0, 1, . . . , m) satisfy
then there exists polynomials P 0 (z), P 1 (z), . . . , P m (z) not all identically zero such that
Under some conditions on the regularity of two entire functions which nearly commute, we obtain the following result:
Theorem 19. Let f and g be transcendental entire functions with finite order and f with positive lower order satisfying g
Then, if f satisfies a differential equation with polynomial coefficients then so does g.
Proof.
As g • f = af (g) + b, using Polya's theorem [16] , we obtain where c ∈ (0, 1). Since ρ(g) < ∞ and µ(f ) > 0, there exists positive numbers K 1 and K 2 such that
By a result from [9] , for each positive number r and any real number R > r, we have
). This implies that log + M(r, f ) < 3T (2r, f ). Hence, T (r, g) < K 3 T (4r, f ) for some positive number K 3 . Since ρ(f ) < ∞, there exists Polya's peak {r j } of f . Namely, there exists three sequences
Also, from the condition ρ(f ) < +∞, we have m(r, f (k) f ) = O(log r) (k = 1, 2, . . . ). Hence T (r, f ) ≤ (1 + o(1))T (r, f ). On combining the above relations, we obtain T (r j , g (k) ) < 2K 3 4 ρ(f ) T (r j , f ), for (k = 1, 2, . . . ). Suppose now that f satisfies a differential equation with polynomial coefficients:
As f (g(z)) = ag(f (z))+b, on differentiating this equation and after substituting the values of f n (g), f n−1 (g), . . . , f (g), we get an equation of the form, h 0 g (n) (f ) + · · · + h n g(f ) + h n+1 = 0, where all of h 0 , h 1 , . . . , h n+1 are rational functions in z, f, f (1) , . . . , f (n) , . . . , g, g (1) , . . . , g (n) . From above discussion, we see that all conditions of Lemma 1 are satisfied.
Hence, we obtain the required result.
In the following result, we give a class of entire functions which nearly permute with a given transcendental entire function.
Proof. We have f (z) = sin z + q(z), so that
On differentiating f (g) = φ(g(f )), we obtain
Using these equations we obtain
Using (1) and Theorem 19, there exists polynomials P 0 , P 1 , P 2 not all identically zero such that P 0 (z)g ′′ (z) + P 1 (z)g ′ (z) = P 2 (z).
Similarly, using (2) and Theorem 19, there exists polynomials Q 0 , Q 1 , Q 2 , Q 3 , Q 4 not all identically zero such that
We claim that Q 0 (z) ≡ 0. On the contrary, suppose that Q 0 ≡ 0. Therefore, (8) becomes
From (7), (8) , we obtain
On eliminating g ′′ (f ) from (9) and (5) we get,
Now eliminating, g 2 (f ) from (10) and (6) we obtain,
then eliminating g(f ) from (10) and (11) and applying Lemma
As an application of Wiman-Valiron theory , we get that R(f ) is a constant function. Therefore, g = rf + s.
, then again on similar lines, we get the desired result.
Recall that the postsingular set of an entire function f is defined as 
Proof. Firstly, we shall prove that G is nearly abelian transcendental semigroup. For this, it is sufficient to show that
• g m • f n for every n, m ∈ N. We will prove our result by induction.
Case 1: We need to show that f n • g = φ • g • f n for every n ∈ N.
For n = 1, it is given that f
Hence, Case 1 is proved.
Case 2: We need to show that f • g n = φ • g n • f for every n ∈ N.
Hence, result of this case also follows.
On combining Case 1 and Case 2, we obtain f n • g n = φ • g n • f n for every n ∈ N.
Case 3: In this case, we need to show that f n • g m = φ • g m • f n for each n, m ∈ N. Let n > m, i.e. n = m + k for some k ∈ N. Therefore,
Therefore, G is nearly abelian transcendental semigroup with Φ(G) = {Id, φ, φ −1 }.
We now show that P (f • g) ⊂ ∪ n≥0 φ • g n P (f ) ∪ ∪ n≥0 f n+1 P (g). It can be easily seen that (f •g) n ⊆ φ•g n P (f )∪f n+1 P (g) for every n ∈ N. We know that Sing(f •g) −1 ) ⊂ Sing(f −1 )∪ f Sing(g −1 ). Therefore, f • g(Sing(f • g) −1 )) ⊂ f • g(Sing(f −1 )) ∪ f • g • f (Sing(g −1 )).
Using the given facts, we get f • g(Sing(f • g) −1 ) ⊂ φ • g(P (f )) ∪ f 2 (P (g)). By induction
we have (f • g) n ⊂ φ • g n (P (f )) ∪ f n+1 (P (g)) for every n ∈ N. Hence, we obtain the desired relation P (f • g) ⊂ ∪ n≥0 φ • g n P (f ) ∪ ∪ n≥0 f n+1 P (g).
